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Abstract. In this short note, we study the gradient estimate of positive solu- 
tions to Poisson equation and the non-homogeneous heat equation in a compact 
Riemannian manifold (M n ,g). Our results extend the gradient estimate for 
positive harmonic functions and positive solutions to heat equations. 
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1. Introduction 

In the process of the study of the positive solutions to non-local non-homogeneous 
heat equation (see [2] , [IQ] , [11], and [12]) in a compact Riemannian manifold (M, g): 

u t = Au + X(t)u + f(x,t), 

with the initial data u(0, x) = Uq{x), where J M uo(x) 2 — 1 and 

A(t) = / |Vu| 2 - fu, 

we find that it is interesting to study the gradient estimate for positive solutions to 
the elliptic equation 

-Au = A(x), inM 

and the heat equation 

(d t -A)u = A(x,t), mMx(0,T). 

We shall follow the ideas in [9] and [13] , which uses tricks from the works of Cheng- 
Yau [17] on harmonic functions and Li-Yau [17] on heat equations. However, some 
new contributions have to be provided since they have treated different situation 
as ours (see ^,[7],[S] and [H]). It is also clear that our result can be extended to 
complete Riemannian manifolds. For more related works on complete manifolds, 
one may look at [7J, [5], [5J, and [13] . 

It is a surprise to us that there is few literature about the gradient estimate 
for positive solutions to Poisson equations and non-homogeneous heat equations. 
With this understanding and motivated from the work of L.Caffarelli and F.H.Lin 
[2] and our paper [9], we consider the gradient estimates for Poisson equation and 
non-homogeneous heat equation in a compact Riemannian manifold. 

We shall always assume that Ric(g) > K on M for some real constant K. 
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For the Poisson equation, we have the following result. 
Theorem 1. Let u > be a smooth solution to the Poisson equation on M 

-Au = A(x). 

Then we have 

| Vw| 2 +A(a;)w~ 1 < 2nsup{K-Au- 1 , A 2 u' 2 -[n' 1 4 : (Au' 1 -K) 2 +2KAu~ 1 +u~ 1 AA]}, 

For the non-homogeneous heat equation on M x [0, T), we have the following 
result. 

Theorem 2. Let u > be a smooth solution to the non-homogeneous heat equation 
on M x [0, T) 

{d t -A)u = A(x,t). 

Let, for a > 1, 

F = t(\Vw\ 2 + aA(x, t)u~ l - aw t ). 
Then there is a constant C(u~\ \A\, \VA\, \AA\,K, a, T) > such that 
sup F < C(u-\ \A\, |VA|, \AA\,K, a, T). 

Mx(0,T) 

Related local gradient estimates can be extended to complete non-compact Rie- 
mannian manifolds, which will appear elsewhere. 

This paper is organized as follows. In section[5]we prove Theorem[TJ In section[3] 
we do the gradient estimate for a positive smooth solution to the non-homogeneous 
heat equation. 

2. GRADIENT ESTIMATE FOR POISSON EQUATION 

We firstly prove Theorem Q] about the gradient estimate for parabolic equations. 
Recall here that we are considering the object for Poisson equation on the compact 
Riemannian manifold (M n ,g). 

We now recall the famous Bochner formula any smooth function u on a Rie- 
mannian manifold (M n ,g): 

(2.1) A\Vv | 2 = 2\D 2 v\ 2 + 2(Vv, VAv) + 2Ric{Vv, Vv). 

Recall that \D 2 v\ 2 > ^\Av\ 2 . So we have 

2 

A|Vw| 2 > -|Au| 2 + 2(Vw, VAw) + 2Ric(Vv, S7v) 
n 

This formula will plays a key role in our gradient estimate. 

Let u > be a smooth solution to the Poisson equation on M 

-Au = A{x). 

Set 

w = logu. 

Then we have 

(2.2) - Aw = \Vw\ 2 + Aix)^ 1 . 

Let Q = |Vw| 2 + A(x)u~ 1 be the Harnack quantity. Then Q = —Aw. 
By p.2p . we obtain that 

AQ = A\Ww\ 2 + A(A(x)ii" 1 ). 
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Using the Bochncr formula (12. 1|) . we get 

A|Vw| 2 > -Q 2 + 2(Vv, VQ) - 2K\\/w\ 2 . 
n 

Then we have 

AQ > -Q 2 + 2{Vw, VQ) - 2K(Q - AMu" 1 ) + AtAfx)^ 1 ) 
n 

Note that 

A(A(x)v,- 1 ) = u^AAix) - 2m _1 Vv4 • Vm + Au~ 1 (2Q - An' 1 ). 
Then at the maximum point p 6 M of Q (which can be assumed positive), we have 

AQ < 0, VQ = 0. 

Then we have 

> -Q 2 + (2Au^ 1 - 2K)Q + 2KAu~ 1 + u^AA - A 2 vT 2 - 2u~ 1 VA ■ Vw. 
n 

Using the Cauchy-Schwartz inequality we get for any b > 0, 

-\Q+n(Au- 1 -b-K)} 2 +n-H(Au- 1 -b-K) 2 +2KAu- 1 +u- 2 (uAA~^^~A 2 ) < 0. 
n 2b 

If Q > 2n(K + b- Au- 1 ), then 

Q + 7i{Au~ l - b - K) > Q/2 > 0. 

Hence we have 

1 IV/4I 2 

— Q 2 < (A 2 + ^— ^)u~ 2 - [n-HfAu- 1 - K) 2 + 2KAvT x + u~ x AA\. 
2n 2b 

In conclusion we have 

IVAI 2 

Q < 2nsup{K+b-Au- 1 , (A 2 + l -^-)u~ 2 ■-[n~ 1 i(An~ 1 -K) 2 ' +2K Au^+u^ 1 AA}} 

This implies that by choosing b = 1/2, 

iVwf+A^u- 1 < 2nsup{K+^-Au-\ (A 2 +\\7A\ 2 ) U - 2 -[n-H(Au- 1 -K) 2 + U - 1 {2KA+AA)}}, 

which is the gradient estimate wanted for positive solutions to the Poisson equation. 
This completes the proof of Theorem [T] 

3. GRADIENT ESTIMATE FOR NON-HOMOGENEOUS HEAT EQUATION 

We now prove Theorem[2] Let u > be a smooth solution to the non-homogeneous 
heat equation on M x [0, T) 

(3.1) {d t - A)u = A(x,t). 
Set 

w = logu. 

Then we have 

(3.2) (d t -A)w = \Vw\ 2 + Au-\ 

Following Li-Yau [17] we let F = t(\Ww\ 2 + aAu^ 1 — awt) (where a > 1) be the 
Harnack quantity for (|3.1|) . Then we have 

p 

\Vw\ 2 — — - aAu^ 1 + aw t , 
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F 1 

Aw = w t - \Vw\ 2 - Au^ 1 = (1 )|Vw| 2 . 

at a 

and 

p 

w t - Aw = \Vw\ 2 + Au^ 1 = — + (1 - ajAu^ 1 + aw t . 

Note that 

(d t - A)w t = 2VwVw f + — (Au^ 1 ). 
Using the Bochner formula, we have 

(d t - A)\Vw\ 2 = 2VKiVwi - [2\D 2 w\ 2 + 2(Vw, VAw) + 2Ric(Vw, Vw)], 
and using (|3.2p we get 

(d t - A) | Vw| 2 = 2VwV(!D ( - Aw) - [2\D 2 w\ 2 + 2Ric(Vw, Vw)}, 
which can be rewritten as 

(dt - A)|Vw| 2 = 2VwV[j + (1 - ^Au' 1 + aw t ] - [2|D 2 w| 2 + 2Ric(Vw, Vw)}. 

Then we have 

(d t - A)(|Vw| 2 - aw t ) = 2VwV[j + (1 - a) An.- 1 ] 
-[2|D 2 w| 2 + 2Ric(Vw, Vw)} - a^Au' 1 ). 

Hence 

(d t - A)(| Vw\ 2 - aw t + aAu' 1 ) 
= (d t -A)(\Vw\ 2 -aw t )+a(dt-A)Au- 1 ) 

= 2VwV[j + (1 - a)Au- 1 } - [2\D 2 w\ 2 + 2Ric(Vw, Vw)} - a^Au' 1 ) 
+a(d t - A)Au- 1 ) 

= 2VwV[j + (1 - ^(Au- 1 )} - [2\D 2 w\ 2 + 2Ric(Vw, Vw)} - aA(A U - 1 ). 
Then we have 

(d t - A)F =j+ 2tVwV[j + (1 - ^(Au' 1 )} 



-t[2\D 2 w\ 2 + 2Ric(Vw, Vw)} - atA(Au~ r ). 

Assume that 

sup F > 0. 

Mx[0,T] 

Applying the maximum principle at the maximum point (z, s), we then have 

(dt - A)F > 0, VF = 0. 
In the following our computation is always at the point (z, s). So we get 

(3.3) - +2(1 - a)sVwV(Au- 1 ) - s[2\D 2 w\ 2 + 2Ric(Vw, Vw)} - asA(Au~ 1 ) > 0. 
s 

That is 

(3.4) F - as 2 A(Au- 1 ) > 2 (a - l)s 2 VwV(Au~ 1 ) + s 2 [2|L> 2 w| 2 + 2Ric(Vw, Vw)}. 
Set 

\Vw\ 2 
H = ——(z,s). 
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Then at (z, s), 

|Vw| 2 = ixF. 

Hence 

A VA AVu VA A„ 
V— = 5- = Vw. 



u u u u 



So 



„ ^A VwVA A.„ l2 IVwIIVAI A lT _, l2 
Vw • V— = Vw 2 > - J L Vw 2 

u u u u u 



(3.5) =-J M F>--J L_ - + 

u it 2 u 2 u 

Further more, we have 

(dt-A^Au- 1 ) = -(d t ~A)A~^(d t -A)u+^Vu-VA-2^ 
u u z u z w 3 

= -(d t -A)A-^r + -Vw VA-2-|Vw| 2 

u U A u u 

< ~(d t - AU~4r + -JJlF\VA\-2-^F 
u u z u u 

l/o ... A 2 V F |VA| 2 A 

< -{d t - A)A - — + !—+ l - L_ 2 - M F, 

u u z u u u 



and 



d t (Au x ) = — - 4^* 
it u z 

A t A 

= w t 

u u 

= — -_(-(Vti; a --)+Att- 1 ) 
u u a s 

At A F 1 A 2 

u u a s u 2 

Hence 

(3.6) - A^u" 1 ) = (ft - A)^- 1 ) - ft^u" 1 ) 

AA IVAI 2 1-2A A F, 1 N 
< + l - L + M F + (/i - -) 

u u u u a s 

AA \VA\ 2 1-2A A F 

< h J H (J,F H /Lt. 

u u u u a 

\D 2 w\ 2 + Ric(Ww, Vw) > i|Aw| 2 - if|Vw| 2 . 

n 

|L> 2 w| 2 + Ric(Vw, Vw) > -(— + (1 - -)|Vw| 2 ) 2 - K\ Vw| ; 

n as a 



Note that 
So 



(3.7) = ^!(! + ( i_I )m) 2_ xf . 

n as a 

Substitute d3T5]) (JSU) and (J3J|) into ([g^jl . we get 

2 2 

F + — (-AA + \VA\ 2 ) + fiF—(a + (1 - 2a) A) 

u u 
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> _ s 2 (fl _ 1} r^4f _ (fl _ 1)s 2l+2^ MF + 2f* 1 + (1 _ 1 . )3 _ 2s 2 K/xF 

m u n a a 

Assume that 

2 l VA |2 



ft H 

F > - — (-AA + \VA\' Z ) + s\a - 1) 
u 



for otherwise we are done. Then we have 



,s 2 



1 + 2A 

2F + fiF—(a + (1 - 2a) A) + (a - l)s 2 — /iF + 2s 2 KfiF 

u u 

2F 2 ,1 , 1\ „ 

> -+ 1- - MS 2 . 

ft a a 

Simplify this inequality, we get 

2F 1 2 , /is 



n a 2 ~ (1 + (a - l)//s) 2 (1 + (a - 1)/js) 2 
•s(u" 1 (a + (1 - 2a)A) + u _1 (a - 1)(1 + 2A) + 2X). 
Hence we have the estimate for F at (z, s) such that 

F{z,s) < C(u-\ \A\, \VA\, \AA\,K,a,T), 
which is the desired gradient estimate. This completes the proof of Theorem [2j 
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